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Spinor Gravity
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A unified description of all interactions could be based on a higher-dimensional theory involving
only spinor fields. The metric arises as a composite object and the gravitational field equations
contain torsion-corrections as compared to Einstein gravity. Lorentz symmetry in spinor space is
only global, implying new goldstone-boson-like gravitational particles beyond the graviton. However,
the Schwarzschild and Friedman solutions are unaffected at one loop order. Our generalized gravity
seems compatible with all present observations.
The physical description of our world is based on
fermionic and bosonic degrees of freedom, corresponding
to particles with different statistical properties. In par-
ticular, bosons mediate the interactions between fermions
as well as between themselves. One may consider two al-
ternative approaches to a fundamental unified theory. Ei-
ther one treats bosons and fermions on equal footing, at-
tempting to link them by some symmetry principle - this
is the road of supersymmetry. Alternatively, one consid-
ers the fermions as fundamental and explains the bosons
as composite objects of an even number of fermions. The
second approach is commonly followed in the treatment
of strongly correlated electrons in statistical physics and
is familiar from the Nambu-Jona-Lasinio [1] and Gross-
Neveu [2] models1.
In this letter we explore the hypothesis that a funda-
mental unified theory of the gravitational, electroweak
and strong interactions can be formulated in terms of
only fermionic degrees of freedom. Given that all bosons
arise as composite fields, one immediately faces the fun-
damental challenge of describing the metric in terms of
fermionic variables. In particular, one has to realize the
symmetry of general coordinate transformations or dif-
feomorphisms by a purely fermionic functional integral
without the use of a fundamental metric degree of free-
dom. The metric of space-time can then be associated
with the expectation value of a suitable fermion bilinear.
Our formulation uses the notion of d-dimensional coordi-
nates xµ, µ=0, . . . , d−1, only in order to describe spinor
fields ψ(x) in some local coordinate patch and for the
definition of a derivative ∂µψ. The geometric and topo-
logical properties of space-time arise a posteriori as a
consequence of the dynamics of the system, reflected in
the fermion correlators. This realizes the idea of obtain-
ing geometry from general statistics [4].
The idea of a purely fermionic fundamental theory has
previously been explored on the basis of proposals for
“pregeometry” [5,6] or “metric from matter” [7], where
1There are also approaches of treating fermions as compos-
ite objects in a bosonic theory and one can imagine a dual
description of a fundamental theory (see, e.g., [3]).
a diffeomorphism invariant spinor theory was formulated
and the metric was obtained as a composite object. How-
ever, in [5] and most of the subsequent work on pregeome-
try, an (auxiliary) metric or vielbein field had to be intro-
duced already at the level of the fundamental action. In
the spirit of “induced gravity” [9] (see [10] for a review),
fermionic loop corrections then generate the kinetic terms
for these fields, transforming them into propagating de-
grees of freedom. By contrast, in [7] a purely spinorial
action was proposed. However, it is of non-polynomial
form (the covariant derivative involves terms ∼ (ψψ¯)−1).
Since elements of the inverse matrix (ψψ¯)−1 do not exist
within the Grassmann algebra, it is not clear how a func-
tional integral can be defined. A later supersymmetric
proposal [8] involves again fundamental bosonic fields.
The proposal coming closest to our ideas about ‘spinor
gravity’ is contained in Akama’s pregeometry paper [6],
where a purely spinorial, polynomial action with diffeo-
morphism invariance is given. However, after introducing
bosonic auxiliary fields a singular limit is taken to realize
local Lorentz symmetry. This limit is inconsistent with
polynomiality of the original action. As will become clear
below, our proposal is free of such problems because we
do not insist on local Lorentz invariance at a fundamental
level. Exploring the consequences of a spinor theory with
only global Lorentz symmetry will lead us to a general-
ized gravity theory which is, in principle, distinguishable
from Einstein gravity but appears to be consistent with
all present experimental bounds.
Once an effective gravity theory is found, the extension
to gauge interactions and scalar fields (needed for spon-
taneous symmetry breaking) is straightforward: one may
go higher-dimensional [11]. Indeed, it is well known that
non-abelian gauge interactions arise in the compactifica-
tion of pure higher-dimensional gravity theories [12]. In
contrast to supersymmetric unified models, the number
of dimensions is not restricted here to d ≤ 11. This opens
the door for realizing the gauge symmetries of the stan-
dard model as isometries of “internal space”, with light
fermions protected by chirality. Rather realistic models
of quarks and leptons with electroweak and strong inter-
actions have already been proposed in the context of 18-
dimensional gravity coupled to a Majorana Weyl spinor
[13].
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Spinors are Grassmann variables and our basic tool is
the Grassmann functional integral for the partition func-
tion
Z[J ] =
∫
Dψ exp
{
− (S + SJ)
}
. (1)
The dynamics is described by the “classical action” S[ψ]
which has to be a polynomial functional of the spinor
fields. As a technical tool we have added to the action a
source term SJ . It is linear in suitable sources J and fa-
cilitates the computation of expectation values of spinor
bilinears. We will set J = 0 in the end to obtain ex-
pectation values in the vacuum. Our first task is to find
a polynomial action S which is invariant under diffeo-
morphisms, so that no particular choice of coordinates
is singled out. For this purpose we may use as a basic
building block the “real” local fermion bilinears
E˜mµ (x) =
i
2m
{
ψ¯(x)γm∂µψ(x) − ∂µψ¯(x)γ
mψ(x)
}
. (2)
Here ψ(x) belongs to an irreducible spinor representation
of the global d-dimensional “Lorentz group” SO(1,d−1)
and γm are the associated Dirac matrices. The arbitrary
mass scale m has only been introduced to make E˜mµ di-
mensionless. Under general coordinate transformations
ψ transforms as a scalar and therefore E˜mµ as a vec-
tor. Interpreting E˜mµ as a d × d matrix and defining
E˜ = det(E˜mµ ), we propose the invariant action
2
S = α
∫
ddxE˜ =
α
d!
∫
ddxǫµ1...µdǫm1...mdE˜
m1
µ1
. . . E˜mdµd .
(3)
Clearly, no metric is needed in order to realize diffeomor-
phism invariance in a fundamental fermionic theory [6].
Since we demand that the action is polynomial in ψ, no
inverse of E˜mµ can appear and all lower world indices from
derivatives ∂µ have to be contracted with the totally an-
tisymmetric d-dimensional ǫ-tensor. This also ensures the
cancellation of the Jacobian of reparameterizations. The
action of Eq. (3) is invariant under global but not under
local Lorentz rotations.
More general forms of invariant actions can be found
in an accompanying paper [14]. As explained above, they
have to contain precisely d derivatives by reparameteriza-
tion invariance. The number of spinor fields contained in
2In the conventions of Eq. (2) one has α ∼ md. There is,
however, no need to introduce m. For dimensionless spinor
fields ψ(x) and omitting the factor m−1 in Eq. (2), the coef-
ficient α becomes dimensionless. It can be scaled to arbitrary
values by a rescaling of ψ. We employ here a “Euclidean no-
tation” avoiding factors of i in the definition of the functional
integral. For a Minkowski signature a factor i can be absorbed
in α.
each invariant may vary, but it is bounded above due to
the finite number of derivatives and because a sufficiently
high power of a spinor field vanishes by anticommutativ-
ity. Thus, only a finite (though potentially large) number
of independent invariants exists.
The basic composite bosonic field is the “global viel-
bein” Emµ associated with the expectation value of the
fermion bilinear E˜mµ
Emµ (x) = 〈E˜
m
µ (x)〉 =
δ lnZ
δJµm(x)
. (4)
Here we have specified the source term SJ = −
∫
ddx
Jµm(x)E˜
m
µ (x). Using ηmn = diag(−1, 1 . . .1), the metric
can be constructed in the standard way
gµν(x) = E
m
µ (x)Eνm(x) = E
m
µ (x)E
n
ν (x)ηmn. (5)
The inverse metric gµν exists whenever E = det(Emµ )
6= 0 and can be used to “raise indices”. As required, the
metric transforms as a symmetric tensor field. We will
argue that the metric obeys field equations similar to the
Einstein equations. It can be associated with a massless,
composite graviton (see also [15] for some of the early as
well as more recent related ideas). However, we expect
the resulting effective gravity theory to be a generaliza-
tion of Einstein gravity. Since the action of Eq. (3) is
invariant under global but not under local Lorentz rota-
tions, the vielbein describes additional massless degrees
of freedom not associated with the metric. (This distin-
guishes our approach from earlier attempts to realize lo-
cal Lorentz symmetry [5–7].) The resulting “generalized
gravity” [16] will lead to a specific version of torsion.
In suitable dimensions and for a suitable “ground state”
Emµ , our fundamental spinor theory will describe both
massless spinors and massless gravitational fields.
In order to get a first glance at the dynamics of the the-
ory, we employ the method of partial bosonization [17].
Without a perturbative expansion in a small parameter
we do not expect quantitatively accurate results, but the
structural elements deriving from the effective degrees of
freedom and symmetries will become visible. Up to an
irrelevant normalization constant, we can write the par-
tition function as an equivalent functional integral over
fermions ψ and boson fields χ (cf. [2]),
Z[J ] =
∫
DψDχnν exp
{
− SB +
∫
ddxJµmχ
m
µ
}
,
SB[ψ, χ] = α
∫
ddx
[
det(E˜mµ )− det(E˜
m
µ − χ
m
µ )
]
. (6)
The equivalent purely fermionic theory can be recovered
by performing the Gaussian functional integral for the
bosonic fields χnν . It differs from the theory defined by
Eqs. (1) and (3) only in the connected correlation func-
tions of at least order d in E˜mµ [14]. With E
m
µ = 〈χ
m
µ 〉,
the effective action Γ[E] is defined as
2
Γ[E] = −W +
∫
ddxJµm(x)E
m
µ (x), (7)
δW [J ]
δJµm
= Emµ , W [J ] = lnZ[J ] . (8)
By construction, Γ[E] is invariant under diffeomorphisms
and global Lorentz rotations if the functional measure is
free of gravitational anomalies (which could, in princi-
ple, be present for d = 2mod 4 [18]). The quantum field
equations following from the variation of Γ[E] are
δΓ
δEmµ
= Jµm , (9)
where Jµm = 0 in the vacuum. Contributions from matter
and radiation can be associated to an energy momentum
tensor T µν = E−1EmµJνm. The latter accounts for the
incoherent fluctuations of ψ and of bosonic composite
fields as well as for possible expectation values of bosonic
composite fields other than Emµ .
At one loop order in the fermionic fluctuations, Γ[E]
is given by (α˜ = (−1)d+1α)
Γ[E] = α˜
∫
ddxE −
1
2
Tr ln(ED) , (10)
where ED is the second functional derivative of SB with
respect to ψ. The generalized Dirac operator D involves
the inverse vielbein Eµm and a “covariant derivative” Dˆµ,
D = γµDˆµ = E
µ
mγ
mDˆµ , (11)
Dˆµ = ∂µ +
1
2E
Emµ ∂ν(EE
ν
m). (12)
The evaluation of the one loop term can be performed
by standard techniques (see, e.g., [19] and references
therein). We expand in the number of derivatives and
find (see below) for the term with two derivatives
Γ(2) =
µ
2
∫
ddxE
{
−R
+τ [DµEνmDµE
m
ν − 2D
µEνmDνE
m
µ ]
}
, (13)
where τ = 3 and
DµE
m
ν = ∂µE
m
ν − Γ
λ
µν E
m
λ . (14)
Here Γ λµν and R are the usual Christoffel symbols and
curvature scalar associated with the metric gµν . Thus,
the present rough approximation suggests that our spinor
model leads to effective gravitational interactions.
Deviations from Einstein gravity result from the term
∼ τ . If Emµ were a local vielbein of conventional general
relativity, this term would be forbidden by local Lorentz
symmetry since Dµ contains no spin connection. In order
to interpret the additional invariant, it is useful to study
the linear expansion around flat space
Emµ = δ
m
µ +
1
2
(hµν + aµν)η
νm , (15)
where hµν and aµν are the symmetric and antisymmet-
ric part. The former accounts for the metric fluctuations
(gµν = ηµν + hµν) and can be decomposed in the usual
manner,
hµν = bµν +
1
(d− 1)
(
ηµν −
∂µ∂ν
∂2
)
σ
+
∂µ∂ν
∂2
f + ∂µvν + ∂νvµ , (16)
with bµνη
µν = 0, ∂µb
µν = 0, and ∂µv
µ = 0 (vµ and
f being gauge degrees of freedom). The new degrees of
freedom are associated with the antisymmetric part aµν ,
aµν = cµν + ∂µ(vν + wν)− ∂ν(vµ + wµ), (17)
where ∂µc
µν = 0 and ∂µw
µ = 0. Expanding the effective
action of Eq. (13) to quadratic order yields
Γ(2) =
µ
8
∫
ddx
{
∂µbνρ∂µbνρ −
d− 2
d− 1
∂µσ∂µσ
+τ∂µcνρ∂µcνρ} . (18)
The terms involving bµν and σ are the same as in Ein-
stein gravity. While vµ and f are absent because of dif-
feomorphism invariance, the absence of wµ may indicate
a hidden nonlinear symmetry. The new massless parti-
cles described by cµν can be interpreted as the Gold-
stone bosons of the spontaneous breaking of the global
Lorentz symmetry. Indeed, a ground state Emµ = δ
m
µ
breaks the global SO(1,d−1) symmetry acting only on
the indices m completely, while it is invariant under com-
bined global Lorentz transformations acting simultane-
ously on the coordinates. This implies d(d − 1)/2 Gold-
stone directions corresponding to aµν . In Einstein gravity
with local Lorentz symmetry aµν would be a gauge de-
gree of freedom.
Furthermore, on flat space a spinor mass term is forbid-
den by global Lorentz rotations for irreducible spinors in
d=2, 6, 8, 9mod 8 [21]. In these dimensions the spectrum
contains both massless fermions and massless gravitons,
where the latter can be interpreted as fermionic bound
states. In a higher-dimensional theory (d > 4) this is
a necessary [21] condition for obtaining a realistic low
energy theory with quarks and leptons and the gauge
symmetries of the standard model. Indeed, the most in-
teresting solutions for the vielbein correspond to geome-
tries where the characteristic size of d − 4 dimensions is
much smaller than the size of the 3+1 dimensional uni-
verse observable on large length scales. The effective four-
dimensional theory is then given by “compactification”.
Part of the higher-dimensional symmetries (connected to
isometries) appear in the effective theory as gauge sym-
metries. The chirality index [22] counting the number
of chiral fermion generations with respect to these gauge
symmetries depends on the particular geometry of “inter-
nal space”. For gravity in d = 18 rather realistic settings
for symmetries and charges have already been discussed
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long ago [13] and it would be very interesting to see how
such a construction could emerge from the generalization
of gravity proposed in this letter.
We assume that, after compactification, the gravita-
tional part of the effective four-dimensional action still
has the form of Eq. (13), now with new effective coeffi-
cients µ4, τ4. The general form of the action is restricted
by the symmetries, even if additional invariants are added
to the classical action of Eq. (3). In this context we note
that the two terms multiplying τ in Eq. (13) could, from
the point of view of global Lorentz and diffeomorphism
invariance, have coefficients with a ratio other than −2.
In other words, there are really three independent invari-
ants only two of which are actually generated by the loop
calculation. If present, the third invariant would lead to
more drastic deviations from Einstein gravity [14] than
the invariant ∼ τ generated in the one loop approxima-
tion. In this letter we assume that some deeper reason
(symmetry?) protects the structure of the one loop ex-
pression Eq. (13) at higher-loop order. As a working hy-
pothesis we take the coefficient of the other allowed in-
variant to be zero (or very small). As a test of the viability
of a generalized gravity theory with only global Lorentz
symmetry, we therefore compare the field equations ob-
tained from the effection action Eq. (13) in d = 4 with
observations. In this context we also assume that the cos-
mological constant in the effective 4-dimensional theory
(almost) vanishes. Postponing a more detailed investiga-
tion of this interesting issue, we note that the classical
cosmological term in Eq. (10) can be chosen to cancel
the one-loop contribution, which amounts to the usual
fine-tuning. This cancellation also depends on the inter-
nal compact space and extends to a more general form of
the fundamental spinor action which could involve other
invariants beyond Eq. (3).
For weak gravity the linear field equations follow from
the variation of Γ(2) in Eq. (18) in presence of an energy
momentum tensor Tµν . With energy density T00 = ρ and
Newtonian potential φ = − 12h00, one finds for static so-
lutions (∆ = ∂i∂i)
∆φ =
ρ
2µ
. (19)
This associates µ with the reduced Planck mass M¯2p =
M2p/8π = (8πGN )
−1 = µ.
The new field cµν only couples to the antisymmetric
part of the energy momentum tensor, (TA)µν , defined
by the variation of the action with respect to the anti-
symmetric part of Emµ . As will become clear below, for
spinors this corresponds to a coupling to the spin. Point-
like particles without internal structure (including mass-
less particles) generate a symmetric energy momentum
tensor. Therefore (TA)µν can only be related to the inter-
nal structure – in our case it involves the spin vector. The
“spin contribution” to the gravitational interactions me-
diated by the exchange of cνρ does not contain a rotation
invariant part since c0i and ǫijkcjk transform as vectors.
Only for macroscopic objects with a nonzero macroscopic
spin vector the modifications of gravity would become
observable.
It has been checked [14] that even beyond the linear
approximation the modifications of gravity ∼ τ neither
affect the Schwarzschild solution nor the Friedmann cos-
mological solution. We conclude that our proposal of gen-
eralized gravity is compatible with all present tests of
general relativity. Nevertheless, it is conceivable that the
presence of new long range fields beyond the graviton
may lead to new interesting cosmological solutions, pos-
sibly accounting for quintessence [23].
To make the relation of spinor gravity to conventional
general relativity more explicit, it is useful to introduce
nonlinear fields with local Lorentz invariance. We write
the global vielbein as Emµ = e
n
µHn
m, where enµ is a con-
ventional “local vielbein” with local Lorentz index. The
SO(1, d − 1) matrix Hn
m has one local and one global
index. The new local Lorentz transformations present in
the nonlinear formulation correspond to a reparameteri-
zation of the decomposition of Emµ in e
n
µ and Hn
m, leav-
ing Emµ invariant. The nonlinear field H
m
n characterizes
the new degrees of freedom that are present in addition
to those of conventional gravity. We define here the co-
variant derivative Dµ by the requirement of a covariantly
constant local vielbein emµ . This implies that the covari-
ant derivative of Emν is given by DµE
m
ν = e
n
νDµHn
m.
Here the action of Dµ on the first index of H makes use
of the spin connection defined by emµ , while the second,
global index is inert. Given that E = e = det(emµ ), it is
now obvious that Eq. (13) describes conventional gravity
covariantly coupled to the non-linear field H .
Geometrically, the new degrees of freedom can be char-
acterized by a further connection Γ˜, which is present in
addition to the Riemannian connection Γ,
Γ˜µν
λ = (∂µE
m
ν )E
λ
m. (20)
This connection is defined by demanding that Emµ be
covariantly constant. The existence of a covariantly con-
stant basis of vector fields implies that our new connec-
tion is curvature-free. It has, however, non-vanishing tor-
sion
Tµνρ = (∂µE
m
ν − ∂νE
m
µ )Eρm. (21)
Thus, in the bosonic formulation, we are dealing with
general relativity with torsion, where the torsion ten-
sor is restricted by the requirement of a curvature-free
Riemann-Cartan connection. More precisely, given a met-
ric and a torsion tensor such that the Riemann-Cartan
connection has zero curvature, we can always define a
global vielbein Emµ by parallel transporting a frame de-
fined at an arbitrary but fixed point of the manifold. One
can easily check that Emµ will then automatically satisfy
Eq. (21). Note that such a theory is very different from
general relativity with a generic (unconstrained) torsion
tensor.
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In the above geometrical formulation, the one-loop cal-
culation leading to Eq. (13) is particularly easy to un-
derstand. The leading fermionic term in the lagrangian
of Eq. (6) reads
Lψ ∼ ψ¯E
µ
mγ
m∂µψ + h.c. (22)
Using the local Lorentz invariance introduced above, we
choose emµ = E
m
µ . In this local frame, the coefficients
of the spin connection going with our Riemann-Cartan
connection vanish, ω˜µ
ab = 0. Thus, we have
Lψ ∼ ψ¯e
µ
mγ
mD˜µψ + h.c. , (23)
and the problem is reduced to evaluating the effective ac-
tion induced by integrating out a fermion in a Riemann-
Cartan background. In fact, we can introduce a new
fermionic variable ψ′ defined to coincide with ψ in the
frame where emµ = E
m
µ and to transform like a usual
general-relativity spinor under local Lorentz transforma-
tions of emµ . (This corresponds to the field redefinition
ψ = S(H−1)ψ′, where S denotes the spinor representa-
tion.) Now we have a formulation of partially bosonized
spinor gravity with full local Lorentz invariance: The vari-
ables are ψ′, emµ and Tµνρ (constrained by the require-
ment of a curvature-free Riemann-Cartan connection).
The quadratic part of the fermionic action is given by
Eq. (23) with ψ → ψ′, which has local Lorentz-invariance.
The fermionic one-loop contribution to the effective
action for emµ and Tµνρ is calculated from the square of
the Dirac operator defined by Eq. (23). More specifically,
the leading divergences are characterized by the DeWitt
coefficients [12] of the relevant operator (see, e.g., [24]).
While the highest divergence comes with the cosmologi-
cal constant, the next contribution contains the leading
terms with vielbein derivatives and torsion. Given that
only the totally antisymmetric part of the torsion couples
to fermions, it has to be of the form
Γ(2) =
µ
2
∫
ddxe
{
−R+ τ ′T[µνρ]T
[µνρ]
}
, (24)
The value τ ′≡3τ/4=9/4 is fixed, e.g., by the calculation
of the relevant DeWitt coefficient in [19] (see also [20]).
Although this formally agrees with the result of [6], the
physical meaning is very different since our torsion vari-
able is constrained. Thus, the second term in Eq. (24)
is the kinetic term for our new light degrees of freedom
rather than a torsion mass term. In the linear approxima-
tion one finds T[µνρ] ∼ ∂[µcνρ]. The source for cνρ arises
from the coupling ∼ cνρ∂µ(ψ¯γ
[µγνγρ]ψ) ∼ cνρǫ
νρµσ∂µSσ,
which follows from Eq. (23) with ψ replaced by ψ′. Be-
cause of the superposition of the microscopic contribu-
tions from individual fermions, a macroscopic source for
cνρ involves the macroscopic total spin vector Sσ. For
known objects the total spin is small and the mass contri-
bution to gravity dominates by far, rendering the macro-
scopic effects of the exchange of cνρ unobservable. How-
ever, it is easy to check that the particles described by cνρ
are produced in electron-positron annihilation or similar
processes and their t-channel exchange affects electron-
positron scattering. Of course, due to the gravitational
coupling strength the cross section is tiny and not ob-
servable, just as for the graviton.
The effective action of Eq. (24) depends on H only via
the term quadratic in the totally antisymmetric part of
the torsion T[µνρ]. Any solution e
m
µ (x) of Einstein grav-
ity is therefore also a solution of the generalized field
equations provided T[µνρ] = 0. In particular, the solu-
tion Emµ = e
m
µ exists whenever the vielbein is diago-
nal in a suitable coordinate system and Lorentz frame.
This holds for the Schwarzschild- and Robertson-Walker-
metrics, explaining the result of the explicit computation
of [14]. Similarly, T[µνρ] vanishes in every rotation and
parity invariant situation since no totally antisymmet-
ric invariant tensor exists (ǫijk being odd under parity).
This concludes our argument that the generalized gravity
of Eq. (13) cannot be distinguished from Einstein grav-
ity by present observations. It may be a surprise that a
principle as fundamental as local Lorentz symmetry is so
little tested in practice. Global Lorentz symmetry seems
to be a perfectly viable alternative, despite the presence
of new massless fields in the gravitational sector.
Our ambitious proposal for a unified theory of all in-
teractions stands, of course, only at the beginning of its
development. Nevertheless, we believe that it offers a pos-
sible interesting alternative to superstring theories for a
well-defined theory of quantum gravity. For this it is cru-
cial that, unless affected by anomalies, spinor gravity is
renormalizable: As explained above, the symmetries al-
low only a finite number of polynomial invariants. Thus,
if the quantum theory respects the symmetries, all diver-
gences can be absorbed in a finite number of tree-level
coefficients (which is one of the definitions of a renor-
malizable field theory). Furthermore, even though global
Lorentz and reparameterization symmetry allow for a
large number of independent invariants, we expect that
additional symmetry requirements can drastically reduce
the number of fundamental parameters. One still needs
to specify a regularized functional measure that preserves
the symmetries. If this can be achieved, spinor gravity is
well defined by an explicit functional integral. The expec-
tation values, including the metric, become, in principle,
calculable.
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